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The elastic constants of a nematic liquid and of a solid crystal were derived by comparing the
Gibbs free energy with the elastic energy. The expressions for the elastic constants of the nematic
and the solid crystal are isomorphic: koc |D| /1. In the nematic phase | D| and I are the mean
field energy and the molecular length. In the solid crystal, ID] and [ correspond to the curvature
of the potential and to the lattice constant, respectively. The measured nematic elastic constants

show the predicted / dependence.
1. Introduction

The symmetry of a crystal determines the number
of non-vanishing elastic constants. In a nematic
liquid crystal which is a uniaxial crystal, we find five
elastic constants but only three describe bulk pro-
perties 1 2. Here we calculate the magnitude of these
three elastic constants by determining the elastic
energy density in two different ways. On the one
hand the elastic energy density can be expressed by
the elastic constants and the curvature of the optical
axis. On the other hand we determine the change of
the Gibbs free energy of the deformed state. By
comparing these two energy expressions the elastic
constants are determined.

2. Mean Field Theory

The phase transition can be described with the
Gibbs free energy:

Gx=G1+4U -T A4S +pV (1)

G is the free energy with an isotropic distribution
of the direction of the molecules. AU =Uyx — Uy is
the increase of the internal energy and A4S =Sy —.S;
the change of the entropy between the nematic and
the isotropic phase. T, p and V' are the temperature
n °K, the pressure and the volume, respectively.
(AV; is the change of the volume at the nematic to
isotropic phase transition temperature, which will be
neglected in the further discussion.) AU and 4S are
normally very complicated expressions, but if the
interaction energy of one molecule with all others
can be described with a mean field, then the problem
becomes much easier.
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The mean field of the nematic phase was first
derived by Maier and Saupe 3:
D(O,P,) = — (A/V,2) Py Pyt ... (2)
O is the angle between the length axis of one mole-
cule and the direction of the preferred axis (optical
axis). P, is the second Legendre polynomial and
P; is one order parameter given by the distribution
function f(0) :

/2

Py= ff @)stln@d@/ff(@ sin@do.

V., is the mole volume and A is a coefficient which
determines the field of the second Legendre poly-
nomial. '
The changes of the internal energy AU and the
entropy A4S are ¢
AU= ND=—3N(4/V,2) P2,

TAS=ND+NkEkTInZ

n/2
with Z = const [ e 2/#T sin O d 6.
0
The free energy is now:
Gx=Gi+3N(A/V,2)P2-NEkTInZ.

The order parameter of the nematic phase is deter-
mined by B
which leads to:

(AJV,2) Py =k T(3Z/Z 3P,) (3a)

This equation can be solved and fixes P; as a func-
tion of 7 (see ®). The nematic-isotropic phase tran-
sition is given by the following equation:

1(A/V,2)Py=kTxiInZ. (3b)

These two equations define A/V 2 and P>(Tx) at
the phase transition as:
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AlV,2=454-kTyx1, Py=0.44. (3¢)

If A is independent of the temperature then the
order parameter P, is for a reduced temperature

(T/Tx1) (Va/Va(Tx1))? a universal curve 5.

3. Elastic Constants

a) Nematic Liquid Crystal

The change of Gibbs free energy which is pro-
duced by a small deformation, can be expressed
with a deformation angle a similar to the descrip-
tion of Nehring and Saupe ! and Frank 2:

O— Oy+a.

0, is the angular distribution of the undeformed
state. The deformation angle, a, at a position, T,
can be expressed with the spatial derivative of the
deformed optical axis at the origin. The orientation
of the optical axis L(r) at ris (see Fig.1):
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Fig. 1. Illustration of the spatial derivatives of L (0).

L) = 24 (Bp o X 4 Ly y Y+ Lp s D)X
+ Ly X+L,,Y +L,,0)Y+...

The undisturbed optical axis points into the Z-direc-
tion. The deformation angle a is defined by

= (L X+L,,Y+L,,7)2
+(Ly:X+L, ,Y+L,,Z)2+... (4)

If we assume that, owing to the rapid decay of the
van der Waals interaction, we have only a nearest
or next nearest neighbor interaction, the small de-
formation approximation will remain valid.

The change of the Gibbs free energy caused by a
deformation can now be expressed as:

- oz
.- T 92
0G=a®-31NP, kTZ8P2
By introducing Eq. (3) into Eq. (5), we receive
0G=—a>3ND=2%a2N(A/V,2) P,2. (6)

The deformation energy can also be described with
phenomenological coefficients where the number of
coefficients is determined by the symmetry of the

... (5)
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system 1> 2. The elastic energy density of a nematic
liquid crystal is then:

Geta=Ykyy(Lsz+ Ly )% + Y kyo(Lsy— Ly, )2
+ b kg (Lad 4 Ly3)
3

- (k22+k24)_§_([fi,iLi,i_Li,iLi,i)
i<j
+kygdiv(L-divLl) . (7)

kyy, kyy and kss are the splay, twist and bend
elastic constants respectively (Figure2). A compari-
son of Egs. (6) and (7) leads to the elastic con-
stants:
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Fig. 2. The main deformations in a nematic liquid crystal.
5G =[G, Br.
Vn

The volume integrals over the forms which are con-
nected to (kg +koy) and k5 can be transformed
into surface integrals and therefore these terms do
not contribute to the Euler-Lagrange differential
equations 1. Now we will solve for &y, kss and kg5 .

For a pure bend deformation, we get the following
relation:

Yoy (Lol +Ly3) = (Lok +Ly3) Z23(N/V,) (D)
or

kys=2% % (N/V,) (=D) . (8a)

For a pure splay and twist deformation in a
planar configuration !, we get:

ki =kes=X2 3 (N/V,) (- D). (8b)

The elastic constants are proportional to the packing
density (N/V,), to the average of the main field
energy D and to the square of a characteristic length.

The square of the distances Z2 and X?(=Y?) is
only defined within a certain distance R, which de-
pends on the anisotropic van der Waals interaction.
Supposing only nearest neighbors interaction we can
take for R, the dimensions of the space one mole-
cule occupies. Example: for PAA (4,4’-di (methoxy)
azoxybenzene, [~ 17 A, w~4.5 A),

k11:k22:k33=1:1:20.
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This value is far away from the measured values & 7

kyg:kog:kgg=1.6:1:3.5.

If we calculate the volume which one molecule
occupies, we get ~7.2A for the width, assuming
that the box has the length of a molecule (I~ 17 A).

The elastic constants now become:
k111k22:k33=1:1:5.5.
If we assume, as Saupe® did, that m molecules

form a steric unit in order to reduce the steric
hindrance, we find, for m =2:

kigikog:kgg=1:1:14.
The calculated value of kg3 is:
kg3 =2.7-10"% dyne
for
A=13-1072 [ergem®]® , 7, =2.25cm3®,
P,=06, m=2 and Z2~ (17A)2.

The measured value of kg3 is approximately
1.2:10" % dyne ® 7.

Another approach can be made if we introduce
a unit cell which describes the short range order
structure. Then we get for the mole volume

Vo= (2®z)L/m. 9)

In this formula m describes the number of mole-
cules per unit cell and z and z are appropriate aver-
age distances in the z, ¥y (=) and z direction. If
we assume that only the nearest neighbor interaction
is important, then with Eqs. (8) and (9) we are
able to find two sets of equations.

First we eliminate the mole volume ¥V, so that we
obtain an equation which de Gennes® derived from
dimensional analysis

k=% (-Df2),
kyy= % (2/z)® (- Dlz) .

These equations can be very helpful for estimating
the absolute value of the elastic constants from
molecular properties, as we will show later. But the
temperature dependence of the elastic constants can
be better discussed if only (z/r) occur in the for-
mula because then the effect of thermal expansion
at a constant symmetry is eliminated. In this case
we derive from Egs. (8) and (9) a reduced elastic
constant which first was introduced by Saupe 6.

Cy=Fy V708 F2—2 - 3/2 (L-m“l-yii““)‘/s-A
1=1,2,3

733 = (z/z)2.

(10)

(11)

This reduced elastic constant, C;;, is independent of
the temperature if there are no abnormal changes
in long range order (A4 = const) and if there are no
structural changes in short range order (m = const
and y;; = const). The curvature elastic constants k;;
of a nematic liquid crystal are therefore propor-
tional to the square of the order parameter and
inversely proportional to the mole volume with the
power 7/3.

If we are far enough away from the nematic to
isotropic as well as the nematic to smectic phase tran-
sitions, only small changes in short range order
structure may be expected; therefore C;; should be
independent of temperature. Near phase transitions
where rearrangements of short range order can
occur, we expect a temperature dependence in C;;.
For 4,4’-di(methoxy)-azoxybenzene (PAA) the
elastic constants as well as the reduced elastic
constants are shown in Fig. 3 as a function of

L2 2

ELASTIC CONSTANTS k, 108 dyne

130
TEMPERATURE °C

REDUCED ELASTIC CONSTANTS C; erg:cm®

110 120

Fig. 3. Elastic and reduced elastic constants of PAA versus
temperature (see Ref. 7).

temperature 7. As we see, the reduced elastic con-
stants are independent of the temperature far away
from the nematic to isotropic phase transition, as
expected.

Near the nematic to isotropic phase transition,
Csy shows a large temperature dependence, whereas
Cy; and C,, are almost temperature independent.
This strong temperature dependence of Cs3 can be
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Fig. 4. Comparison between the measured splay elastic constant k;; at TN1 and the calculated k,; as a function
of the molecular length.

explained because structural changes in short range
order are more strongly weighted in Cj; than in
C,; and C,, [see Equation (11)]. The predicted
temperature dependence of Cs3 is in accordance
with experiment, but on the other hand C;; and
Cy5 should increase with increasing temperature.
However, experiments show only a small tempera-
ture dependence of C;; which is actually opposite
to be aforementioned description.

Another explanation of the strong temperature
dependence of Cg3 near the nematic to isotropic
phase transition is the fluctuation of the order
parameter P,. Such fluctuations give rise to some
uncertainty in the preferred direction. Therefore we
can expect that those elastic constants which have a
connection to the preferred direction should show an
abnormal temperature dependence near the nematic
to isotropic phase transition. Equation (7) shows
that from the main elastic constants only the bend
elastic constant kj3 is connected to the preferred
z-direction. Therefore only kj; should have an ab-
normal temperature dependence as it was observed
in experiment.

The pretransitional effects of the elastic constants
near the smectic phase are not included in this cal-
culation. Theory % 10 and experiment were described
elsewhere 7> 11714,

The elastic constants can also be described by the
nematic mean field D and the dimensions of the
unit cell as we see from Equation (10). The average
value of the nematic mean field at the nematic to
isotropic phase transition is given by the mean field
theory [see Eq. (3¢)]. The splay and twist elastic

constants depend only on the z-direction of the unit
cell which we assume to be proportional to the mole-
cular length. On the other hand the abnormal tem-
perature dependence of %y and ks, near the nematic
to isotropic phase transition is small so that the ex-
trapolated value %;;(Tx1) of the experimental data
can be compared with the theoretical value.

Figure 4 shows the extrapolated elastic constant
kyy (Tx1) for several different nematic molecules.
The length of the molecules was determined from a
molecular model. We see that the elastic constant
can be rather well described by the inverse of the
molecular length. But if we take the order parameter
Py (Ty1) which the Maier-Saupe theory?3 predicts
P,(Tx1) = .44 then the predicted elastic constants
are in general too large as we can see in Figure 4.
This is not surprising because the order parameter
P, (Tx;) predicted by the Maier-Saupe theory is too
large compared with measured ones. The enlarged
Maier-Saupe theory (Humphries-James-Luckhurst
theory) 5 never predicts a universal order parameter
for all nematics as the Maier-Saupe theory 3. There-
fore we should have measurements of the order
parameter in order to compare theory and experi-
mental values of the elastic constants. But since not
enough order parameter measurements are available
we make the best fit for P,(Tx1) to the elastic con-
stant data, which then gives .38. This value is close
to the value which Humphries et al. ' found for
several compounds.

In Fig. 4 there are still deviations of the elastic
constants from the straight line which we will dis-
cuss in more detail. For the n=1 and 2 homolog of
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the alkyloxyazoxybenzenes (M) the degree of order
of n=2 homolog is about 10% higher than for the
n =1 homolog . This means that the n =2 homolog
fits the theory much better as shown in Figure 4.
For MBBA (@) Jen et al. ¢ found an extrapolated
value for Ps(Tx1) of about .32, so that this nematic
compound also fits the theory quite well. McMil-
lan’s mean field theory ! for the smectic A phase
leads to an enlarged order parameter if the nematic
temperature range becomes small enough. There-
fore heptyloxyazobenzene (LJ) with its relatively
small nematic temperature range also fits theory
better than Fig. 4 illustrates. Figure 4 shows that
the measured elastic constants versus molecular
length fit quite well the Maier-Saupe theory if the
degree of order is known or can be estimated. Now
we have the possibility to predict quite well the
elastic properties for a nematic molecule where the
phase diagramm is known.

However, we have to be careful if the molecules
are very long, because we based our calculation on
the mean field approximation. For very long mole-
cules the Onsager theory which includes the steric
hindrance can describe the nematic phase better
than the mean field approximation 8. For example,
for PAA the mean field approximation is quite a
good approximation since the measured Griineisen
constant is about 3.71%. For pure van der Waals
interaction (mean field) we expect a Griineisen con-
stant of 2 and for hard core interaction (Onsager)
infinity 19.

4. Solid Crystal

The elastic constants of a solid crystal can be
derived with the lattice theory 2® which is similar to
the mean field approximation in a nematic liquid
crystal. In this chapter, we will show the iso-
morphism in the elastic constants between a solid
and a nematic liquid crystal.
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If the displacement (u,—u,) is small in com-
parison with the lattice constant a, the displacement
energy may be written in Hooke’s law approxima-
tion:

B2 (ws —uy)®+...

p is the currature of the elastic potential.
The energy density for a homogeneous pure strain
is then:

L 9
u=%a?—" (el +ejy +€%) +...

v, (13)

where e;,, e,, and e,, are strain components. The
energy density can also be written with phenomeno-
logical coefficients c:

u=%c(e§z+e§y+(§z)+... (14)

A comparison between Egs. (13) and (14) gives
the elastic constant, c:

c=a*(LIV,)B.

This expression for the elastic constant ¢ is iso-
morphic with the expression for the elastic constants
of a nematic liquid crystal [Equation (8)]. Equa-
tion (15) can be changed

c=fla (16)

if the mole volume is expressed by the lattice con-
stant. Equation (16) is again isomorphic with Equa-
tion (11). Since D in Eqgs. (8) and (11) and f in
Egs. (15) and (16) have different dimensions, the
dimensions of the elastic constants of a solid crystal
and a liquid crystal are different.
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